A procedure is developed to calculate pulsed electron paramagnetic resonance (EPR) signals with relaxation rigorously including the static Hamiltonian and relaxation during pulses by solving Liouville von Neumann (LVN) equation numerically in Liouville space. It can be carried out within a reasonable time on a PC using Fortran or Matlab. It is illustrated here numerically, as coded in Matlab, to calculate the spin echo correlation spectroscopy (SECSY) and echoelectron-electron double resonance (echo-ELDOR) signals for a coupled electron-nuclear system with the electron spin (S= ½.) and nuclear spin (I= ½) for the experimental results of Lee, Patyal and Freed [1] in a malonic acid single crystal.
Introduction
The technique of pulsed electron paramagnetic resonance (EPR) is very powerful in that it can be exploited to reveal the electronic and geometric structures of the environment around paramagnetic centers in detail [1] [2] [3] [4] [5] . Even weak interactions between electron spins, as well as those between electron and nuclear spins not resolved by continuous wave (CW) EPR, can be distinguished by pulsed EPR. A quantitative analysis to extract precise information on electronic and geometric structure from pulsed EPR data, therefore, requires a rigorous simulation of pulsed EPR spectra.
In a previous publication by Misra and Li [6] (hereafter ML), calculations were made of pulsed EPR without taking into account the static Hamiltonian and relaxation during the pulses. As well, the spin Hamiltonian used had inherited some significant typographical errors from the original source, Lee, Patyal and Freed [1] (hereafter LPF) which led to erroneous results. As a consequence, the theoretical calculations were not quite in good agreement with the experimental data. It is the purpose of the present paper to extend the calculations of Misra and Li [6] to calculate pulsed EPR signals in the presence of relaxation as well as the static spin Hamiltonian during the pulses using the correct expressions.
Although, there are available two open-source packages that are implemented in Matlab, which are much more general than the approach introduced in the present manuscript, namely SPINACH [7] and SPIDYAN [8] , the present procedure, on the other hand, offers an advantage in that within the framework of its applicability it can be carried out on a lap top within a short time using Matlab or Fortran, and can be applied to calculate echo-signals of a userdefined pulse sequences, including any kind of relaxation processes. From this point of view, it is felt that this work serves a useful purpose to practitioners of pulsed EPR spectroscopy needing to treat relaxation rigorously in a straight forward manner.
In order to take into account relaxation rigorously, it is imperative to use Liouville von Neumann (LVN) equation, which is an exact quantum-mechanical equation of motion for the density matrix, in Liouville space. This equation is valid even for relatively slow random processes, and is therefore especially suitable for EPR, where the natural time scale is short so that the random processes are not usually fast on this time scale. The time-dependent LVN equation used here includes a relaxation term and a timedependent, but not stochastically time dependent, Hamiltonian, e.g. a Hamiltonian representing the pulses.
The general procedure for setting up the simulation for the LVN equation taking into account the relaxation and static Hamiltonian during pulses for pulsed EPR experiments is briefly given in Sec 4. (For details, refer to [6] ). Thereafter, the details of calculation of spin-echo-correlation spectroscopy (SECSY) and echo-electronelectron double-resonance (echo-ELDOR) signals, including selection of coherent electron pathways, are given in Section 5. The results are discussed in Section 6. The conclusions are presented in Section 7. For illustration, simulations of pulsed EPR spectra for SECSY and echo-ELDOR experiments are carried out in the Appendix for the cases investigated by LPF in a malonic acid single crystal. The Matlab source code is included at the end. is the relaxation superoperator, and assumed to be time independent here. (Throughout the paper, the single and double carets "^ " and " 0 t t " will be used to denote the operator and the superoperator, respectively.) In Eq. 0 ρ z S ∝ is the initial thermal equilibrium density matrix, as discussed in by ML [6] .
The difference between the time-dependent density matrix and the equilibrium density matrix , i.e. the reduced density matrix, is denoted as 
Evolution of the density matrix in the absence of a pulse (free evolution)
Because the LVN equation in the matrix form is a differential equation in Liouville space in a chosen basis defined in the preceding section, where the operators are represented as matrices, can be considered as a column, as follows:ˆ{ with the dimension , where I n is the unit matrix, and T H  denotes the matrix transpose of H  .
As for the second term on the right-hand side of Eq. (2.3), it can be expressed in the matrix form as:
where the double-subscripted matrix R It is shown in ML [6] that the LVN equation is expressed in matrix form as follows:
where the generalized Liouville superoperator, L′   . includes also the relaxation superoperator:
The solution of Eq. (2.7) is
is the reduced density matrix at the beginning of the evolution.
Evolution of the density matrix under the action of a pulse including the static Hamiltonian and Relaxation
During the pulse, to be rigorous, one should take into account the combined action of 0 
Simulation procedure
The algorithm for the calculation of the pulsed EPR signal is described in detail in [6] . Here only the outline is presented. The time evolution of the density matrix includes evolution under the action of the static Hamiltonian, 0 H (free evolution) in the absence of pulses, and under the action of the pulse 1 H , including the static Hamiltonian and relaxation, is discussed in the Appendix. , respectively. In this paper, the signal is calculated over the coherent pathway c S − in accordance with that used by LPF [1] (for more details of coherence pathways, see [6] ). In these experiments, the time, t 1 between the pulses, for time-domain signals, is stepped in the experiment and the time t 2 is measured from the top of the echo, as shown in (Bottom) Coherence pathways used for calculating SECSY signal for an unpaired electron (S = ½) interacting with a single nucleus (I = ½). p is the coherence order, which represents transverse magnetization, corresponding to spins rotating in a plan perpendicular to the external field [17] The 2D time-domain signal is calculated from f ρ as follows:
The calculations are carried out in the rotating frame, in which the effective magnetic field becomes equal to zero at resonance, as described in [6] .
Figure 2:
(Top) Pulse sequence for obtaining echo-ELDOR signal. The t 1 time between the first two pulses and t 2 time from the echo are stepped. Here T m is the mixing time. (Bottom) Coherence pathways used for calculating echo-ELDOR signal for an unpaired electron (S = ½) interacting with a single nucleus (I = ½). p is the coherence order, which represents transverse magnetization, corresponding to spins rotating in a plan perpendicular to the external field [17] The flow chart for executing the algorithm developed here is provided in Ref. [6] .
Simulation of SECSY and echo-ELDOR signals
The technique developed here is used to illustrate for the cases of SECSY and echo-ELDOR signals obtained in an irradiated malonic acid single crystal [1] , which is a radical produced by irradiation, so the system possesses an electron spin (S=1/2) coupled to a nuclear spin (I=1/2). The calculated spectra are compared with the experimental results of LPF [1] Here one consider the case of an unpaired electron spin S=1/2, interacting with a single nucleus The direction of the external static field B 0 which is defined by the angles θ and ϕ, where θ is the angle between B 0 and the z axis, and ϕ is the angle between the x axis and the projection of B 0 on the xy plane is depicted in Figure 3 . matrices, assumed coincident to the structure of the malonic acid radical CH(COOH) 2 . Here, the z axis is along the C-H bond direction and the x-axis is perpendicular to the plane of the three carbon atoms [14] ). The direction of the external static field B 0 is defined by the angles θ and ϕ, where θ is the angle between B 0 and the z axis, and ϕ is the angle between the x axis and the projection of B 0 on the xy plane
The calculated SECSY time-domain signals are shown: (i) in Figure  4 , corresponding to the experiment of LPF [1] for three orientations of the external magnetic field with respect to the crystal axes: One can now compare the Fourier transforms (FT) of the signals as obtained experimentally by LPF [1] with those simulated here for SECSY and echo-ELDOR signals, as shown in Figures 4-6. It is found, in general, that they look quite the same to the eye. In particular, for echo-ELDOR signals the corresponding positions of the main frequency peaks, i.e. the nuclear modulation frequency ω α and ω β , are the same in all four cases shown in Figure 6 . Their values are the same as those reported in LPF [1] , i.e. 7.0MHz ω α ≈ and 32.0MHz ω β ≈ . The shapes of the simulated spectra in the frequency domain as calculated here and those calculated by LPF [1] appear to be in excellent agreement with each other. It takes about 10-15 secs to carry out the calculations on a laptop for the two types of pulse sequences considered here.
The overlapped contour plots in the Fourier-transform domain for SECSY and echo-ELDOR signals as obtained using the procedure used in this work, including both the static Hamiltonian and relaxation during the pulses, and those of LPF [1] , without inclusion of the static Hamiltonian and relaxation during the pulses, are shown in Figures 7 and 8 , respectively. It is clear from these figures that adding the static Hamiltonian and relaxation during the pulses modifies significantlythe peaks in the FT spectra; this fact is more evident inthe coherence cross peaks.
Forthermore, one can determine the effects of inclusion of static
Hamiltonian and relaxation during the pulses separately from Figures 9 and 10. In these figures, the 1D spectra along f 2 shown with the slice along f 1 =0 in the Fourier domain for SECSY and echo-ELDOR are compared for four different cases: (i) with the static Hamiltonian and relaxation terms included during the pulses; (ii) with the static Hamiltonian included but without the relaxation during the pulses;(iii) without the static Hamiltonian but with the relaxation included during the pulses; and (iv) without both the static Hamiltonian and relaxation included during the pulses. It is seen clearly from these two figures that the effect of inclusion of the static Hamiltonian during the pulses is very significant, whereas that of the relaxation is negligible, as explained in Section 6 below.
Discussion of results
In the theoretical expressions presented in LPF, Eqs. (5) and (7) , the static Hamiltonian and relaxation were not taken into account during the pulses. This was justified by the fact that the duration of the pulses was short (~5ns ) and the pulses were intense. However, for a more rigorous simulation, one should indeed include them during the pulses.
It is seen from the present simulations that inclusion of the static Hamiltonian during the pulses does change the spectra significantly, which enhances as the number of pulses in an experiment increases (SECSY-2 pulses versus echo-ELDOR-3 pulses). On the other hand, taking into account the relaxation during the pulses does not have any significant effect on the spectra, since the spin-lattice and spinspin relaxation times ( 1 T and 2 T ) are several orders of magnitude longer than the duration of the pulses.
Concluding remarks
This paper deals with a rigorous calculation of pulsed EPR signals in the presence of relaxation using the LVN equation in Liouville space, providing a comprehensive theoretical treatment, taking into account relaxation processes, both during pulses and in their absence. As well, the static Hamiltonian is included during the pulses. The procedure of how to implement the theoretical approach Experiment FT spectra [1] Simulation: Time-domain signal (this work) Simulation -Fourier transform (this work) 14) , is used in the simulation of the 2D-FT signal for each orientation numerically has been illustrated, and the algorithm required has been thoroughly discussed, and illustrated by examples. The Matlab source code is included here in the Appendices A-L, which can be used for both polycrystalline (powder) and single-crystal simulations. (We are grateful to Lin Li for providing us with a Matlab source code for pulsed EPR calculations.) The algorithm is illustrated here using MATLAB to calculate SECSY and echo-ELDOR signals for the system of an electron-nuclear spin coupled system in a malonic acid crystal and compared with experimental results of LPF [1] . These calculations can be carried out on a commonly available lap top within a reasonable time, on the order of 10-15 seconds
The numerical calculations show that the effect of inclusion of the static Hamiltonian during the pulses does have a significant on the signals, whereas that of the relaxation is negligible.
Appendix: An electron-nuclear spin-coupled system in an irradiated malonic acid crystal
This appendix describes the corrected theoretical expressions for the calculation of pulsed EPR experiments as discussed by LPF [1] , relevant to the simulations presented in this paper.
Static spin Hamiltonian and parameters
For the specific case of a single nucleus (I = ½) interacting with an unpaired electron (S = ½) by the hyperfine (HF) interaction tensor, where the HF has the same principal axes as the g matrix, the total Hamiltonian can be expressed as the sum of static Hamiltonian and pule Hamiltonian [1] 0ˆˆ1
The coefficients in Eq. are expressed as follows [1] :
Simulation Time-domain signal (this work)
Simulation -Fourier transform (this work) 
sin cos sin cos cos 2 s 2
Here Ω( ) Ù 0, , β γ are the Euler angles which describe the orientations of the principal axes of the g  -matrix with respect to the static magnetic field. (It is noted that in LPF [1] , there were misprints, which have been corrected in the above equations, and this led to significantly erroneous numerical results in ML [6] . In particular, instead of having the factors of 2 π in Eq. (A.4) and 4 π in Eq.
(A.5), there was the factor e γ  in both places in LPF [1] .) ( )
Here g and a are the isotropic parts of g  and A  matrices, respectively.
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The Relaxation matrix
The effect of spin relaxation is taken into account by the use of the phenomenological relaxation matrix based on Redfield theory [12] as outlined in LPF [1] :
Here E α , E β are the eigenvalues of the static Hamiltonian, ˆ0
H , for the electron-nuclear coupled system (S = ½, I = ½).
′ designate the eigenstates of the Hamiltonian ˆ. 0 H The following specific values for the matrix elements, as given by Freed [14] [15] [16] , can be found in [6] .
Gaussian inhomogeneous broadening effect
In accordance with LPF [1] , the Gaussian inhomogeneous broadening effect, over and above the relaxation effect, in the frequency-domain along 2
, corresponding to the step time 2 t , as depicted in Figures 1 and 2 , is taken into account by the following time-domain dependence:
is the Gaussian-broadened signal along t 2 and ∆ is the Gaussian inhomogeneous broadening parameter expressed in frequency. Procedure: Create a directory, e.g. ELDOR_SECSY. Open matlab, create a new matlab script (file), copy inside it the text given in Appendix A, and save it in the directory just created, e.g. ELDOR_ SECSY, naming it "Single&Powder_Main". This will create a file named "Single&Powder_Main.m". Then add to this directory, e.g. ELDOR_SECSY, successively matlab scripts (files) with the texts in the various appendices, giving them the same names as those of theappendices. Finally, in that directory, e.g. ELDOR_SECSY, create two new folders and name them "Data" and "Figures". Now create a "Single&Powder_Data.txt" file inside the "Data" folder and copy the contents of Appendix L in it. Next, click on the matlab file "Single&Powder_Main.m" and then click on the green "Run" button in the Matlab ribbon on top to execute the source code. This will result in questions on the monitor, asking (i) the number of pulses (enter 2 for SECSY and 3 for echo_ELDOR); (ii) nthetas: enter the number of theta values on the unit-sphere grid (enter 1 for single-crystal orientation simulation); and (iii) nphis: enter the number of phi values on the unit-sphere grid (enter 1 for singlecrystal orientation simulation). (i) For the choice nthetas=nphis=1, you will be asked first 'Please enter the rotate angle theta (0 -180):'. Thereafter you will be asked'Please enter the rotate angle phi(0 -360): '; (ii) For the only choice nthetas=1, you will be asked 'Please enter the rotate angle theta (0 -180):';(iii) For the only choice nphis=1, you will be asked 'Please enter the rotate angle phi(0 -360): '. Enter these values with a carriage return. After this the simulation will start, showing the number of (theta and or phi) loop as it is completed on the monitor. At the end of the calculation, there will be indicated "completed" on the monitor. Please note that before running the Matlab code, one must remove the "(XXX)" present in the beginning of each such line in the source code and join it to the end of the line just above it. Furthermore, some lines in the source code have "…" at the end. If the code does not run because of the presence of "…" (as indicated by the diagnostics), then remove the "…" at the end of each of these lines and join at its 
Matlab source code:

